Abstract: In this paper, we prove that the solution of Feffereman equation on a smoothly bounded strictly pseudo convex domain D in C n is strictly plurisubharmonic. We apply this result to estimate the bottom of the spectrum of LaplaceBeltrami operators. As a consequence, we solve the conjecture posed by Li and Wang in [19] 
Introduction
Let D be a smoothly bounded pseudoconvex domain D in C n . Let u ∈ C 2 (D) be a real-valued function and let H(u) denote the n × n complex Hessian matrix of u. We say that u is strictly plurisubharmonic in D if H(u) is positive definite on D. When u is strictly plurisubharmonic in D, u induces a Kähler metric
We say that the metric g is also Einstein if its Ricci curvature (1.2)
∂z k ∂z ℓ = cg kℓ for some constant c. When c < 0, after a normalization, we may assume c = −(n + 1). It was proved by Cheng and Yau [5] that the following Monge-Ampère equation: (1.3) det H(u) = e (n+1)u , z ∈ D u = +∞, z ∈ ∂D has a unique strictly plurisubharmonic solution u ∈ C ∞ (D). Moreover, the Kähler metric
induced by u is a complete Kähler-Einstein metric on D.
When D is also strictly pseudoconvex, the existence and uniqueness problem was studied by C. Fefferman [6] earlier. He considered the following Fefferman equation (1.5) det J(ρ) = 1, z ∈ D ρ = 0, z ∈ ∂D, where (1.6) J(ρ) = − det ρ ∂ρ (∂ρ) *
H(ρ)
, ∂ρ = ( ∂ρ ∂z 1 , · · · , ∂ρ ∂z n ) and (∂ρ)
He searched for a solution ρ < 0 on D such that u = − log(−ρ) is strictly plurisubharmonic in D. He proved the uniqueness and gave a formal or approximation solution for (1.5) .
If the relation between ρ and u is given by (1.7) ρ(z) = −e −u(z) , z ∈ D, then (1.3) is the same as (1.5). Moreover, one can prove (see [13] and references therein) that
When D is smoothly bounded strictly pseudoconvex, it was proved by Cheng and Yau that ρ ∈ C n+3/2 (D). In fact, ρ ∈ C n+2−ǫ (D). This follows from an asymptotic expansion formula for ρ obtained by Lee and Melrose [9] :
where r ∈ C ∞ (D) is any defining function for D and a j ∈ C ∞ (D) and a 0 (z) > 0 on ∂D.
When D is a bounded strictly pseudoconvex domain in C n with smooth defining function r, one can view (∂D, θ) as a pseudo-Hermitian CR manifold with the contact/pseudo Hermitian form
.
An interesting and useful question is: How to find a defining function r such that (∂D, θ) has positive the Webster-Tanaka pseudo Ricci curvature or pseudo scalar curvature? Under the assumption u = − log(−r) is strictly plurisubharmonic near and on ∂D, the following formula for the pseudo-Ricci curvature was discovered by Li and Luk [17] :
∂r(z) ∂z j v j = 0}. In this case, the Webster-Tanaka pseudo-Hermitian metric is a pseudo Einstein metric. Moreover, it is positive on ∂D if and only if det H(r) > 0 on ∂D.
Many research works [18, 13, 14, 19] indicate that the following problem is very interesting and very important. It is well known that ρ(z) = |z| 2 − 1 is strictly plurisubharmnic when D = B n , the unit ball in C n . It was proved by the Li [13] that ρ is strictly plurisubharmonic when D is the domains in C n whose boundary is a real ellipsoid. In particular, when n = 2 case, this result was also proved by Chanillo, Chiu and Yang [2] later.
One of the main purposes of this paper to answer Problem 1 affirmatively. Another motivation of this paper is to apply the result in Problem 1 to estimate the lower bound of the bottom of the spectrum of Laplace-Beltrami operator ∆ g [u] . As a consequence, we solve a conjecture posed in [19] . Let (M n , g) be a Kähler manifold with the Kähler metric g. Let ∆ g be the Laplcae-Beltrami operator associated to g. Let λ 1 denote the bottom of the spectrum of ∆ g . Then estimates of the upper bound and lower bound for λ 1 have studied by many authors, including P. Li and J-P. Wang [11, 12] , Munteanu [20] , Li and Tran [18] and Li and Wang [19] , Cheng [4] , Lee [8] , Wang [22] , ect.. When the Ricci curvature is super Einstein: R ij ≥ −(n + 1)g ij , Munteanu [20] proves that λ 1 ≤ n 2 . For the lower bound estimate of λ 1 , Li and Tran [18] and Li and Wang [19] consider a smoothly bounded pseudo convex domain in C n with defining function r ∈ C 4 (D) such that u =: − log(−r) is strictly plurisubharmonic in D. When r is plurisubharmonic in D, Li and Tran [18] prove that
is super asymptotic Einstein and det H(r) ≥ 0 on ∂D, Li and Wang [19] prove λ 1 = n 2 . They conjectured that the condition det H(r) ≥ 0 on ∂D can be replaced by that (∂D, θ) has positive CR Yamabe constant, an analogous of the result of Lee [8] for real case.
The second purpose of the paper is to solve the conjecture posed by Li and Wang in [19] . Which can be followed from the combination of the following theorem and theorem in [19] .
induced byũ is the super asymptotic Einstein, then the following two statements hold:
(i)ρ is strictly plurisubharmonic on D. In particular ifρ = ρ(z) is the solution of (1.5) then ρ is strictly plurisubharmonic in D;
(
Let D be a bounded domain in C n with smooth boundary. Let r ∈ C 2 (D) be a real-valued, negative defining function for D. Then the Fefferman operator [6, 5] acting on r is defined by
where ∂r = (
) = (r 1 , · · · , r n ) is a row vector in C n and (∂r)
* is its adjoint vector, which is column vector in C n and H(r) = [ 
It is easy to verify that
is not positive definite on ∂D, we can replace r by
Then r[a] is positive definite with a large a and
From now on, we will always assume that r(z) ∈ C ∞ (D) be a negative defining function for D such that
is strictly plurisubharmonic in D. It is known from [5, 13, 14, 15] that the following identity holds:
This implies that (i) u =: ℓ(r) is strictly plurisubharmonic on D if and only if J(r) > 0 on D;
(ii) J(r) = 1 if and only if det H(u) = e (n+1)u with u =: ℓ(r).
C. Fefferman [6] gave a formula to approximate the potential function ρ (for equation (1.5) ). He proved that J(r/J(r)) = 1 + O(r) near ∂D. Higher order approximation can be iterated through the previous steps. Based on the Fefferman's idea, the iteration formula of the approximation was given in more detail by R. Graham in [7] . The author [13] gave another modification. For convenience of readers and further argument for the current paper, we will state and prove a second order approximation formula here. .
Proof. Since (2.12)
by choosing a ≥ 0 so that r[a] is strictly plurisubharmonic. Therefore, we can write
By complex rotation, one may assume that ∂r ∂z j (z 0 ) = 0 for 1 ≤ j ≤ n − 1 and H(r)(z 0 ) is diagonal, it is easy to verify that (2.15) tr(H(ℓ(r)
Notice that exp((n + 1)ℓ(ρ 1 )) = exp((n + 1)B)J(r) exp((n + 1)ℓ(r)), we have
When J(r) = 1 + Ar 2 with A is smooth on D, it is easy to prove B = B 1 r 
Proposition 2.2
Let D be a smoothly bounded strictly pseudoconvex domain in C n . Let u be the plurisubharmonic solution of (1.3) and ρ(z) = −e −u . Then for any smooth defining function r of D with ℓ(r) being strictly plurisubharmonic in D, we have
on ∂D, where B(z) = B[r](z) is given by (2.10).
Proof. Let (2.17)
Theorem 2.1 implies that ρ(z) = ρ 1 (z) + O(r(z) 3 ). A simple calculation shows that
By (2.13) (B = (−r)B 0 ), one can easily see that
For any z ∈ ∂D, by (2.20), one has
This proves Proposition 2.2.
Let u D j be the potential functions for the Kähler-Einstein metric for D j and let
Proposition 2.3 Let φ : D 1 → D 2 be a smooth biholomorphic mapping. Then
Proof. Since φ : D 1 → D 2 is biholomorphic, one has that if u D j is the unique plurisubharmonic solutions for the Monge-Ampère equation:
In particular, when det φ
and the proof of Proposition 2.3 is complete.
We also need the following holomorphic change of variables formula. According to Theorem 2.1, one has
Let ρ = ρ D be the solution of (1.5) such that ℓ(ρ) is strictly plurisubharmonic in D. Then
For z 0 ∈ D near ∂D, by complex linearly change of variables, without loss of the generality, we may assume that
By Proposition 2.2 and
we have
Therefore, by (2.16), at z = z 0 , one has
r kkj + −rr nnj + r nj r n + r n r nj − r nn r j |r n | 2 + r nn (−r) .
When z 0 ∈ ∂D, we have (3.14)
Notice that for 1 ≤ j ≤ n − 1 and r j (z 0 ) = 0 H(r)(z 0 ) = I n−1 0 0 r nn , we have with
(−rr nnjj + 2Re r njj r n + |r nj | 2 − r jj r nn )
Notice that r j (z 0 ) = 0 for 1 ≤ j ≤ n − 1 and
With the assumption H(r)(z 0 ) = I n−1 0 0 r nn and r j (z 0 ) = 0 for 1 ≤ j ≤ n − 1, we have
ℓ=1 (|r nℓj | 2 (−r) + 2Re r njj r n − r nn r jj |r n | 2 + r nn (−r) − (−rr nnj + r n r nj )(−rr nnj + r nj r n ) (|r n | 2 + r nn (−r)) 2 .
When z 0 ∈ ∂D, we have (3.18)
Therefore, by (3.9), (3.14) (3.15) and (3.18), we have
r n r kj r knj Let (3.20)
Then r b j (z 0 ) = r j (z 0 ) and where δ(z) is the distance from z to ∂D. Therefore, det H(ρ)(z) = det H(ρ)(z) on ∂D.
By Lemma 2 in [19] and (3.16) in [13] (related materials can also be found in [14, 15, 16] ), if g[ũ] is super Einstein withũ = − log(−ρ), then det H(ρ) attains its minimum over D at some point z 0 ∈ ∂D. Therefore, det H(ρ) > 0 on D and the proof of Theorem 1.1 is complete.
